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Abstract
This paper is part of the classiﬁcation of (0, )-geometries (> 1) embedded in AG(n, q).We study
(0, 2)-geometries of order (2h − 1, t) embedded in AG(3, 2h) such that there are no planar nets. In
the case t = 2h, we prove some severe combinatorial restrictions. In the case t = 2h we provide a
classiﬁcation.
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1. Introduction
A (0, )-geometry S = (P ,B , I ) is a connected partial linear space of order (s, t) with
the property that for every anti-ﬂag (p, L) the number (p, L) of lines of S through p
intersecting L equals 0 or a constant . If (p, L) =  for every anti-ﬂag (p, L) then S
is called a partial geometry pg(s, t, ) [1]. In this case the point graph of S is a strongly
regular graph. A partial geometry pg(s, t, 1) is called a generalized quadrangle [14] and
a pg(s, t, t) is called a (Bruck) net of order s + 1 and degree t + 1. If a (0, )-geometry
S has a strongly regular point graph then we call it a semipartial geometry spg(s, t, ,)
[11]. Here  is the number of vertices adjacent to two nonadjacent vertices in the point
graph of S .
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A (0, )-geometry S = (P ,B , I ) is said to be fully embedded (or, shortly, embedded) in
an afﬁne space AG(n, q) if the lines of S are lines of AG(n, q), if P is the set of all afﬁne
points on the lines of S and if I is as in AG(n, q). We also require that P spans AG(n, q).
We say that S has a planar net if there is an afﬁne plane such that the points and lines of
S in it form a net. We will often identify a subspace of a projective or afﬁne space with
its point set. The space at inﬁnity of AG(n, q) will be denoted by ∞, while PG(n, q) will
denote the projective completion of AG(n, q).
An important question in ﬁnite geometry is which geometries can be embedded in ﬁ-
nite projective or afﬁne spaces. This problem has been solved for various types of ge-
ometries. For example the embedding in PG(n, q) is solved for generalized quadrangles
[2], for partial geometries [4] and for semipartial geometries, dual semipartial geome-
tries and (0, )-geometries [5,16]. The embedding in AG(n, q) of generalized quadran-
gles and partial geometries is also solved [15]. About the embedding in AG(n, q) of
semipartial geometries and (0, )-geometries only partial results are known. For exam-
ple, the embedding in AG(2, q) and AG(3, q) of semipartial geometries is solved [10].
The embedding in AG(n, q), n4, of semipartial geometries is still an open problem.
This paper is part of a series of papers in which we solve this problem. In fact, we give
the answer to a more general question: which are the embeddings in AG(n, q) of (0, )-
geometries?
Let S = (P ,B , I ) be an incidence structure embedded in AG(n, q), n > 2, and let
U be a proper subspace of AG(n, q) of dimension at least 2. Then we deﬁne an incidence
structure S U = (P U ,B U , I U), where P U = P ∩ U,B U = {L ∈ B |L ⊂ U} and I U
is the incidence I restricted to P U and B U .
Lemma 1.1 (De Clerck and Delanote [3]). Let S = (P ,B , I ) be a (0, )-geometry,  >
1, embedded inAG(n, q), n3, and let U be a proper subspace ofAG(n, q) of dimension
at least 2. Then every connected component of S U which contains two intersecting lines is
a (0, )-geometry.
Lemma 1.1 is the main tool to study (0, )-geometries,  > 1, embedded in AG(n, q).
The method we use is as follows. First, the embeddings in lower-dimensional afﬁne spaces
are studied (typically for this kind of problems n = 3 is the hardest case). Then applying
Lemma 1.1 the information obtained for lower dimensions is used to study embeddings
in higher-dimensional afﬁne spaces. Here, an induction argument on the dimension n is
applied to obtain results for general n. Note that this method cannot be used to study afﬁne
embeddings of semipartial geometries because Lemma 1.1 does not hold for semipartial
geometries. In this case connected components of S U need not have strongly regular point
graphs.
If S is a (0, )-geometry,  > 1, embedded in AG(2, q) then it has been proved in [3]
that either S is a Bruck net or a pg(q − 1, 1, 2). These are, respectively, the types III and
IV planes in the following lemma.
Lemma 1.2 (De Clerck and Delanote [3]). LetS = (P ,B , I ) be a (0, )-geometry,  >
1, embedded inAG(n, q), n > 2, and let  be a plane ofAG(n, q). Then  is of one of the
following four types.
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• type I:  does not contain any line of S .
• type II:  contains a number of parallel lines of S and possibly some isolated points.
• type III: S  is a planar net of order q and degree + 1.
• type IV: S  consists of a pg(q−1, 1, 2) (i.e. a dual oval with nucleus the line at inﬁnity;
here necessarily q = 2h and  = 2) and possibly some isolated points.
The next step is to study the embedding of (0, )-geometries inAG(3, q). But ﬁrst we give
an important example of (0, )-geometries embedded inAG(n, q).The linear representation
T ∗n−1(K ∞) of a setK ∞ ⊆ ∞ is the partial linear space embedded inAG(n, q)which has
as line set the set of all afﬁne lines intersecting ∞ in a point of K ∞. If K ∞ is a set of
type {0, 1, + 1} (i.e. a set intersecting every line in 0, 1 or + 1 points) spanning ∞ then
T ∗n−1(K ∞) is a (0, )-geometry. For example, T ∗n−1(B ∞), where B ∞ is the point set of a
Baer subspace of ∞ (so q is a square), and T ∗2 (U ∞) where U ∞ is a unital of the plane
∞ (so q is a square), are semipartial geometries embedded in an afﬁne space. Note that in
general every two intersecting lines of T ∗n−1(K ∞) are contained in a (necessarily unique)
planar net. The following theorem characterizes T ∗n−1(K ∞) by this property among the
(0, )-geometries embedded in AG(n, q).
Theorem 1.3 (De Clerck and Delanote [3]). LetS = (P ,B , I )bea (0, )-geometry, >
1, embedded in AG(n, q) such that every two intersecting lines are contained in a planar
net. Then S is a linear representation T ∗n−1(K ∞).
Hence in the further study of (0, )-geometries ( > 1) embedded in AG(n, q) we may
assume that there is at least one plane of type IV. This implies that q = 2h and  = 2. The
following examples of such geometries are known.
(1) The geometry TQ(4, q) with q = 2h [13] is an spg(q− 1, q2, 2, 2q(q− 1)) embedded
in AG(4, q). Its point set is obtained by intersecting the secant lines of a nonsingular
elliptic quadric Q−(5, q) in PG(5, q) through a given point p /∈ Q−(5, q) with a
hyperplane H of PG(5, q). The lines of TQ(4, q) are the lines of H containing q such
points. Every afﬁne plane containing two intersecting lines of TQ(4, q) is of type IV
(so there are no planar nets).
(2) If we replaceQ−(5, q) in the construction above by the nonsingular parabolic quadric
Q(4, q) in PG(4, q), q = 2h, and choose p /∈ Q(4, q) different from the nucleus of
Q(4, q), then we obtain a (0, 2)-geometry, which we will denote as HT [13] of order
(q − 1, q) embedded in AG(3, q) without planar nets.
(3) Consider AG(3, q), q = 2h. Let O∞ be an oval of ∞ with nucleus n∞. Choose
a basis such that ∞ :X3 = 0, n∞(1, 0, 0, 0) and such that (0, 1, 0, 0), (0, 0, 1, 0),
(1, 1, 1, 0) ∈ O∞. Let f be the o-polynomial such that O∞ = {(, f (), 1, 0) | ∈
GF(q)} ∪ {(0, 1, 0, 0)}. For every afﬁne point p(x, y, z, 1) let Op∞ = {(y + zf () +
, f (), 1, 0) | ∈ GF(q)} ∪ {(z, 1, 0, 0)}. Let L p be the set of lines through p and
a point of Op∞. Let P be the point set of AG(3, q), B = ⋃p∈P L p, and let I be
the natural incidence. Then every connected component of S = (P ,B , I) is a (0, 2)-
geometry of order (q − 1, q) embedded in AG(3, q) such that there are no planar nets.
In Section 4, it will turn out that S is disconnected if and only if O∞ is a conic and
that then S has two connected components both of which are projectively equivalent
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to HT. If S is connected, then we deﬁneA (O∞) = S . If S is disconnected, then we
deﬁne A (O∞) to be any of the two connected components of S .
(4) The geometry I (n, q, e) (see [7] for the construction) is a (0, 2)-geometry embedded
inAG(n, q), q even and n3. This geometry has order (q−1, 2n−1−1) and has planes
of type IV and at least one planar net.
So the next step is to determine the (0, 2)-geometries embedded inAG(3, q)with q = 2h
which have at least one plane of type IV. As this step is the most difﬁcult in the whole
classiﬁcation, it is treated in three separate papers [6,7 and this paper]. In [7], we prove
that if S is a (0, 2)-geometry embedded in AG(3, q), q = 2h, which has at least one
planar net and at least one plane of type IV, then S = I (3, q, e). In this paper, we study
(0, 2)-geometries embedded in AG(3, q), q = 2h, which have no planar nets. We assume
that q > 2 because (0, 2)-geometries embedded in AG(n, 2) are trivial structures, namely
complete graphs, and every set of points of AG(n, 2) deﬁnes such a complete graph.
Main Theorem. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q), q = 2h, h > 1, and having no planar nets. Then one of the following holds.
(1) t = q and S = A (O∞).
(2) t = 2m − 1 where m ∈ {2, 3, . . . , h− 1}, and through every line of ∞ there are 0 or
t planes of type IV.
(3) t = 2m where m ∈ {2, 3, . . . , h − 1} is so that h = lm with l odd, and through every
line of ∞ there are 0, 1 or t + 2 planes of type IV.
In Section 3, we prove that if in the Main Theorem t = q then we are in case (2) or (3).
In Section 4, we prove that if in the Main Theorem t = q then we are in case (1). There are
no examples of geometries in case (2) or (3). In fact in [6] we prove, using other methods
than in this paper, that cases (2) and (3) do not occur. So the results in [7], in this paper
and in [6] add up to the complete classiﬁcation of (0, 2)-geometries embedded inAG(3, q),
q = 2h, h > 1, which have at least one plane of type IV (those without planes of type IV
were already classiﬁed in Theorem 1.3). This classiﬁcation for AG(3, q) is then used in [8]
to obtain the complete classiﬁcation of (0, 2)-geometries embedded in AG(n, q), q = 2h,
h > 1, which have at least one plane of type IV. As a corollary of the classiﬁcation of
(0, 2)-geometries embedded in AG(n, q), q = 2h, h > 1, and of Theorem 1.3 we obtain
the following result.
Corollary 1.4 (De Feyter [8]). Let S be a semipartial geometry spg(s, t, ,),  > 1,
embedded inAG(n, q), q > 2. Then one of the following cases occurs.
(1) S is a linear representation of a setK ∞ of type {0, 1, +1} in∞ such that through ev-
ery point of∞ not inK ∞ there are exactly (+1) lines containing +1 points ofK ∞.
(2) n = 2, q = 2h, and the lines of S together with ∞ form a dual hyperoval.
(3) n = 4, q = 2h, and S = TQ(4, q).
The classiﬁcation of the sets K ∞ in case (1) is still an open problem. The only
known nontrivial example for n4 and  > 1 is T ∗n−1(B ∞) where B ∞ is the point
set of a Baer subspace of ∞.
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2. Elementary deﬁnitions and results
Henceforth, we assume that S = (P ,B , I ) is a (0, 2)-geometry of order (q − 1, t)
embedded in AG(3, q), q = 2h, that h > 1 and that S has no planar nets.
Lemma 2.1. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded in
AG(3, q) and having no planar nets. Then 2 tq.
Proof. First,we note that t2 since otherwiseS would be contained in a plane ofAG(3, q).
Let L be a line of S . Counting the lines of S through an afﬁne point of L we see that there
must be t planes of type IV and q + 1− t planes of type II through L. Hence tq + 1.
Now suppose that t = q + 1. Then there are no planes of type II, and, as a consequence,
no two lines of S are parallel. This implies that |B | q2 + q + 1. Let L be a line of S .
Then each of the q + 1 planes through L is of type IV. It follows that |P |  12q(q2 + 1).
From q |B | = (q + 2) |P | it follows that 12q(q + 2)(q2 + 1)q(q2 + q + 1), which is
a contradiction. So tq. 
For each pointp∞ ∈ ∞ we deﬁne k(p∞) to be the number of lines ofS throughp∞.We
say that a point p∞ ∈ ∞ is a hole if k(p∞) = 0, and we denote the set of holes byP 0.We
say that a point p∞ ∈ ∞ is minimal if k(p∞) = kmin, where kmin = min{k(p′∞) |p′∞ ∈
∞ \ P 0}. We denote the set of minimal points by Pmin. Note that Pmin is never empty.
Lemma 2.2. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded in
AG(3, q) and having no planar nets. Let p∞ ∈ Pmin and let  be a plane of type II that
contains at least one line of S through p∞. Then none of the planes parallel to  is of
type IV.
Proof. Let L∞ be the line at inﬁnity of , and let a, respectively, b be the number of
planes of type IV, respectively, II through L∞. Suppose that a = 0. Then there are at least
q + 1− b > 0 points of L∞ that lie on exactly a lines of S . Let r∞ be one of these points,
so k(r∞) = a = 0. Since p∞ is minimal, this implies that k(p∞)a. But there is a plane 
of type II through L∞ that contains lines of S through p∞, which implies that k(p∞) > a,
a contradiction. 
Lemma 2.3. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded in
AG(3, q) and having no planar nets. Then there are at least q + 1− t holes, so P 0 is not
empty.
Proof. Let p∞ ∈ Pmin, let L be a line of S through p∞, and let  be a plane of type II
through L. As a consequence of Lemma 2.2, none of the planes parallel to  is of type IV.
Since there are q + 1 points on L∞ = ∩ ∞, and since there are at most q planes of type
II through L∞, there is at least one hole on L∞. So, as there are q + 1− t planes of type II
through L, there are at least q + 1− t holes. 
Lemma 2.4. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded in
AG(3, q) and having no planar nets. Let L∞ be any line of ∞. Then L∞ contains at most
q + 1− t holes.
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Proof. Let L be a line of S , not in any plane through L∞, and let 1,2, . . . ,t be the t
planes of type IV through L. Then each of the lines i ∩∞, i ∈ {1, 2, . . . , t}, has an empty
intersection with P 0. Since each of these lines intersects L∞, this means that there are at
least t points on L∞ which do not belong to P 0. So there are at most q + 1 − t holes on
L∞. 
Now, we deﬁne BIV to be the set of lines of ∞ which have an empty intersection with
P 0. It is easy to see that a line L∞ of ∞ belongs to BIV if and only if there is a plane
of type IV through L∞. We deﬁne PIV to be the set of points of ∞ which lie on at least
one line of BIV. So PIV is the complement of P 0 in ∞. Further, we deﬁneIV ( II, I,
respectively) to be the set of planes of type IV (II, I, respectively).
Lemma 2.5. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded
in AG(3, q) and having no planar nets. Then the number of lines of BIV through a point
p∞ ∈ PIV is at least t. If p∞ ∈ Pmin then this number equals t.
Proof. Let p∞ ∈ PIV, and let L be a line of S through p∞. Then the intersections of the t
planes of type IV through L with ∞ are t lines of BIV through p∞. So through a point p∞
of PIV there are at least t lines of BIV.
Now suppose that p∞ ∈ Pmin. Let  be a plane of type II through L. Then from Lem-
ma 2.2 it follows that none of the planes parallel to  is of type IV. So the line ∩∞ /∈ BIV.
This means that there are exactly t lines of BIV through p∞. 
Lemma 2.6. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), embedded in
AG(3, q) and having no planar nets. Then the following hold:
(t + 1) |P | = q |B | , (1)
t |B | = (q + 1) |IV | , (2)
kmin |BIV |  |IV | , (3)
kmin |PIV |  |B | , (4)
t |PIV | (q + 1) |BIV | , (5)
qt − q + t |BIV | , (6)
(q + 1)2 − q(q + 1)
2
|BIV | + q  |PIV | . (7)
Equality holds in any of (4)–(7) if and only if PIV = Pmin, i.e. if and only if any point of
∞ lies on 0 or kmin lines of S . If PIV = Pmin then equality holds in (3).
Proof. Equality (1) is the result of counting the ordered pairs (p, L) where p ∈ P , L ∈
B , p ∈ L. Equality (2) is the result of counting the ordered pairs (L,)where L ∈ B , ∈
IV, L ⊂ .
Now, we count the ordered pairs (, L∞) where  ∈ IV, L∞ ∈ BIV, L∞ ⊂ 63. This
number equals |IV | since a ﬁxed plane  ∈ IV has just one line at inﬁnity. Fix a line
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L∞ ∈ BIV and let a be the number of planes of type IV through L∞. Obviously a = 0.
Suppose that a < kmin. Then since there are at most q−a < q+1 planes of type II through
L∞, there is at least one point p∞ on L∞ for which k(p∞) = a. But this contradicts
0 < a < kmin. So there are at least kmin planes of type IV through L∞, which implies
inequality (3). Suppose that PIV = Pmin. Fix a line L∞ ∈ BIV. Then through any point of
L∞ there are kmin lines of S . This implies that through L∞ there are kmin planes of type
IV and q − kmin planes of type I. So equality holds in (3).
Inequality (4) follows from counting the ordered pairs (L, p∞) where L ∈ B , p∞ ∈
PIV, p∞ ∈ L. Equality holds if and only if PIV = Pmin. Inequality (5) follows from
counting the ordered pairs (p∞, L∞) where p∞ ∈ PIV, L∞ ∈ BIV, p∞ ∈ L∞, using
Lemma 2.5. Equality holds if and only if through any point p∞ ∈ PIV there are exactly t
lines of BIV.
Fix a lineL∞ ofBIV. Then through each of the q+1 points ofL∞ there are at least t lines
of BIV (including L∞). This implies inequality (6). Equality holds if and only if through
any point p∞ ∈ PIV there are exactly t lines of BIV.
Let PIV = {p1∞, p2∞, . . . , pv∞} where we use v = |PIV | for the sake of easy notation.
For each i ∈ {1, 2, . . . , v} let ti be the number of lines of BIV through pi∞. Counting
the ordered pairs (pi∞, L∞) where pi∞ ∈ PIV, L∞ ∈ BIV, pi∞ ∈ L∞ yields
∑v
i=1 ti =
(q + 1) |BIV | . Counting the ordered triples (pi∞, L∞, L′∞) where pi∞ ∈ PIV, L∞, L′∞ ∈
BIV, L∞ = L′∞, pi∞ ∈ L∞, L′∞ yields
∑v
i=1 ti (ti − 1) = |BIV | ( |BIV | − 1). Now using
the variance trick we obtain
|BIV | ( |BIV | − 1)+ (q + 1) |BIV | − (q + 1)
2 |BIV | 2
|PIV | 0.
From this, inequality (7) follows.
Equality holds in (7) if and only if through any pointp∞ ∈ PIV there is a constant number
t of lines of BIV. Since Lemma 2.5 says that through every minimal point of ∞ there are
exactly t lines of BIV, it must be so that t = t .
Now suppose that through every point of PIV there are exactly t lines of BIV. Let L∞ be
a line of BIV and suppose that there are points p∞, p′∞ ∈ L∞ such that k(p∞) > k(p′∞).
This means that there must be a plane  of type II through L∞ containing a line M of S
through p∞. The lines at inﬁnity of the t planes of type IV through M are all lines of BIV
through p∞, different from L∞, contradiction. So k(p∞) = k(p′∞) must hold for any two
points p∞, p′∞ ∈ L∞. Since any point of PIV is on t lines of BIV, k(p∞) is constant for
all p∞ ∈ PIV. It follows that PIV = Pmin. Conversely, suppose that PIV = Pmin. From
Lemma 2.5 it follows that every point of PIV lies on exactly t lines of BIV. So equality in
any of (4)–(7) is equivalent to PIV = Pmin. 
3. Combinatorial restrictions in case t < q
Recall that q = 2h, that we assume that q > 2 and that in Lemma 2.1 we proved that
2 tq.
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Lemma 3.1. LetS = (P ,B , I ) be a (0, 2)-geometry of order (q−1, t), t < q, embedded
in AG(3, q) and having no planar nets. Then there is at least one plane of type II which
contains only one line of S .
Proof. Let min denote the minimal number of lines of S in a plane of type II. Let
p∞ ∈ Pmin and let L be a line of S through p∞. Then, there are q + 1− t planes of type
II through L and each of these planes contains at leastmin lines of S . It follows that
1+ (q + 1− t)(min − 1)kmin. (8)
Combining (1)–(3) and (6) from Lemma 2.6 we get that |P | kminq(q + 1)(qt − q +
t)/t (t + 1). Since |P | q3 this yields
kmin
q2t (t + 1)
(q + 1)(qt − q + t) . (9)
Suppose that min2. Then from (8) it follows that kminq + 2 − t . Now (9) implies
that (q + 1)(q + 2− t)(qt − q + t)q2t (t + 1). This inequality is quadratic in t. It is easy
to check that it is satisﬁed when t = 1 or 12q + 1 but not when t = 2 or 12q (we assume that
q > 2). It follows that 12q + 1 tq − 1.
Now letL∞ be a line of ∞, not inBIV. Then none of the planes throughL∞ is of type IV.
By Lemma 2.4 |L∞ ∩PIV |  t . Since 2t > q, there is at least one point p∞ ∈ L∞ ∩PIV
such that all lines of S through p∞ lie in one plane  through L∞. Let M be a line of S
through p∞, and let ′ =  be a plane of type II throughM (this exists since by assumption
t < q). But now ′ contains only one line of S , hence min = 1. But this contradicts
min2, somin = 1. 
We now introduce a new notation. For any line L∞ of ∞, let l(L∞) denote the number
of planes of type IV through L∞. Further, let lmin = min{l(L∞) |L∞ ∈ BIV}.
Lemma 3.2. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. Then kmin = lmin.
Proof. Let p∞ ∈ Pmin, so k(p∞) = kmin. Let L be a line of S through p∞, let  be a
plane of type IV through L and let L∞ =  ∩ ∞. Then by Lemma 2.2, no plane parallel
to  which contains a line of S through p∞ is of type II. So l(L∞) = kmin, which implies
that lminkmin.
On the other hand, let L∞ be a line of ∞ such that l(L∞) = lmin. Since there are q + 1
points on L∞ and at most q − lmin planes of type II through L∞, there are at least lmin + 1
points on L∞ through which there are exactly lmin lines of S . Thus kmin lmin. Hence
kmin = lmin. 
Lemma 3.3. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. Then for any line L∞ of ∞, the number of lines of
S which intersect ∞ in a point of L∞ is equal to |B |q+1 + q l(L∞)t . Further, l(L∞) satisﬁes
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the inequality
l(L∞)
t (t + 1)q2
(q + 1)(qt − q + t) . (10)
Proof. Let L∞ be a line of ∞. Let X be the set of lines l of S intersecting ∞ in a point
of L∞ such that the plane containing L and L∞ is a plane of type II. Then, we count the
number of ordered pairs (L,) where L ∈ X and  is a plane of type IV containing L. In a
plane of type IV containingL∞ there are no linesL ∈ X. There are |IV | − l(L∞) planes
of type IV which intersect ∞ in a line different from L∞. Each of these planes contains
exactly one line of S intersecting ∞ in a point of L∞. However, in this way we count
l(L∞)(q+1)(t−1) couples (L,)where the plane containing L andL∞ is a plane of type
IV, so where L /∈ X. We get that
t |X | = |IV | − l(L∞)(qt − q + t). (11)
The number of lines of S intersecting ∞ in a point ofL∞ is equal to |X | + l(L∞)(q+1).
Using (2) from Lemma 2.6 and (11) we get that this number is equal to |B |
q+1 + q l(L∞)t .
From Eqs. (1) and (2) in Lemma 2.6 and the fact that |P | q3 it follows that
|IV |  t (t + 1)q
2
q + 1 . (12)
From (11) it follows that |IV | − l(L∞)(qt − q + t) = t |X | 0. Using (12) this yields
l(L∞)
|IV |
qt − q + t 
t (t + 1)q2
(q + 1)(qt − q + t) . 
Lemma 3.4. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. Then 3 tq.
Proof. In Lemma 2.1 it was proved that 2 tq. Suppose that t = 2. Let  be a plane of
type IV, and let X be the set of afﬁne points on two lines of S in . Suppose that there is an
isolated point p of S in . Then there is a point p0 ∈ X and a path (p0, p1, . . . , pn = p) in
the point graph of S such that for 0 in− 1 the line Li = pipi+1 ∈ B intersects X in
0 or 1 point. Since |L0 ∩ X | = 1 and |Ln−1 ∩ X | = 0 there is an i ∈ {0, 1, . . . , n− 2}
such that |Li ∩ X | = 1 and |Li+1 ∩ X | = 0. Let Li ∩ X = r and let M and N be the
two lines of S through r in . Since r ∈ Li and Li intersects Li+1, (r, Li+1) = 2. ButM
nor N intersects Li+1 since |Li+1 ∩ X | = 0, and Li+1, M and N are the only lines of S
through r, contradiction. Hence, there is no isolated point of S in .
Suppose that two lines L and L′ of S are parallel. Then there are planes  ⊃ L and
′ ⊃ L′ of type IV which intersect in an afﬁne line M. Since t = 2 an afﬁne point of
M cannot belong to the connected components of both  and ′. Thus  and ′ contain
isolated points, contradiction. So no two lines of S are parallel. By Lemma 2.3 and since
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we assume that q > 2 there is a line L∞ ⊂ ∞ containing at least 2 holes. By Lemma 2.4
L∞ ∩ PIV = ∅. So there is a plane  of type II through L∞ containing one line and, say,
m isolated points. But, since no two lines of S are parallel and |L∞ ∩PIV | q − 1 there
is also a plane ′ of type I through L∞ containing m′ isolated points. Counting the lines of
S not intersecting L∞ we obtain 2q + 3m = 3m′. This clearly contradicts q = 2h. Hence
3 tq. 
Lemma 3.5. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. Then for any lineL∞ of ∞ we have that l(L∞) < 2t .
Proof. Let L∞ be a line of ∞. Suppose that l(L∞)2t . Then using inequality (10) from
Lemma 3.3 we obtain that 2t t (t + 1)q2/(q + 1)(qt − q + t), which yields t(3q2 +
2q)/(q2 + 4q + 2) < 3. But in Lemma 3.4 we proved that 3 tq, so we obtain a
contradiction. Hence l(L∞) < 2t . 
Henceforth, we use the following notation. For every integer n ∈ N \ {0} we let odd(n)
denote the largest odd divisor of n.
Lemma 3.6. LetS = (P ,B , I ) be a (0, 2)-geometry of order (q−1, t), t < q, embedded
in AG(3, q) and having no planar nets. Let L∞ be a line of ∞, not in BIV. Let  be a
plane of AG(3, q) through L∞ and let  denote the number of lines of S in . Then
 ≡ 1mod odd(t + 1).
Proof. From Lemma 3.1 it follows that there is a plane ′ of type II containing exactly one
line of S . Suppose that there is a plane ′′ of type IV parallel to ′. Letm′, respectivelym′′,
be the number of isolated points of S in ′, respectively ′′. Then counting the number of
lines ofS intersecting both′ and′′ in an afﬁne point yields 12q(q+1)(t−1)+m′′(t+1) =
qt +m′(t + 1). From this it follows that t + 1 | q2. So odd(t + 1) = 1 and in this case the
lemma trivially holds.
Now suppose that there is no plane of type IV parallel to ′. This implies that L′∞ =
′ ∩ ∞ is not in BIV, so l(L′∞) = 0. Lemma 3.3 asserts that the number of lines of S
which intersect ∞ in a point ofL′∞ is equal to
|B |
q+1 . Since every line of S either intersects
′ in an afﬁne point or intersects the line L′∞, we get that
|B | = qt +m′(t + 1)+ |B |
q + 1 , (13)
where m′ denotes the number of isolated points of S on ′.
Lemma 3.3 asserts that the number of lines of S intersecting ∞ in a point of L∞ is
equal to |B |
q+1 + q l(L∞)t . But l(L∞) = 0 since L∞ /∈ BIV. Let m be the number of isolated
points in . Since every line of S either intersects  in an afﬁne point or intersects the line
L∞, we get that
|B | = qt +m(t + 1)+ |B |
q + 1 . (14)
Now (13) and (14) yield (m′ −m)(t +1) = (−1)qt , hence ≡ 1mod odd(t +1). 
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Theorem 3.7. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. If t is odd then t + 1 | q and through every line of BIV
there are exactly t planes of type IV.
Proof. Assume that t is odd. Let L∞ ∈ BIV. Then Lemma 3.3 asserts that there are exactly
|B |
q+1 + q l(L∞)t lines of S which intersect L∞. We prove that |B |q+1 is an integer. Let L′∞
be a line of ∞ not in BIV. Such a line exists since by Lemma 2.3 there is at least one hole.
Then Lemma 3.3 implies that there are exactly |B |
q+1 lines of S intersecting L′∞, so this
number is an integer. Hence also q l(L∞)
t
is an integer, and as t is odd it follows that t | l(L∞).
Since L∞ ∈ BIV we have that l(L∞) > 0 and by Lemma 3.5 we have that l(L∞) < 2t . So
l(L∞) = t , and this holds for every line L∞ of BIV. Hence lmin = t .
Let L∞ ∈ BIV. Then there are t planes of type IV through L∞. Since there are q + 1
points on L∞ and there are at most q − t planes of type II through L∞, there are at least
t + 1 points on L∞ through which there are exactly t lines of S . Let p∞ be such a point.
Then k(p∞) = t = lmin. By Lemma 3.2 lmin = kmin, hence p∞ ∈ Pmin. Let L be a line
of S through p∞. We count the lines of S parallel to but different from L by counting the
number of such lines in each plane  through L. If  is a plane of type IV then there are 0
lines of S in  parallel to but different from L. If  is a plane of type II then by Lemma 2.2,
since p∞ = L ∩ ∞ is a minimal point, no plane parallel to  is of type IV. Hence the line
 ∩ ∞ is not in BIV. Now Lemma 3.6 asserts that the number of lines of S in  parallel
to but different from L is a multiple of odd(t + 1) (notice that t = q as t is odd). As a
consequence the total number of lines of S through p∞, different from L, is a multiple of
odd(t+1). But this number is equal to t−1, hence odd(t+1) = 1. In other words, t+1 | q.

Lemma 3.8. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. Then t = q − 1.
Proof. Suppose that t = q − 1. Then from (6) and (7) it follows that
|PIV |  (q + 1)2 − q(q + 1)
2
|BIV | + q
 (q + 1)2 − q(q + 1)
2
q(q − 1)− q + (q − 1)+ q
= q2 + q − 1− 2
q − 1 .
As we assume q > 2 it follows that |P 0 | 2. On the other hand Lemma 2.3 says that
|P 0 | 2, so there are exactly two holes, p1∞ and p2∞.
Letp∞ ∈ ∞ be any point off the linep1∞p2∞. Then k(p∞) = 0. Suppose that k(p∞)2,
and let L1 and L2 be two lines of S through p∞. Choose i ∈ {1, 2} such that pi∞ is not
contained in the plane through the lines L1 and L2, and let L∞ be the line through p∞ and
pi∞. Then L∞ contains q points of PIV. Let r∞ ∈ L∞ be a point of PIV, and let L be a line
of S through r∞. Then since L∞ /∈ BIV the plane through L and L∞ is a plane of type
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II, and this plane contains at least one line of S through r∞. So for each point r∞ ∈ L∞
which is not a hole there is at least one plane of AG(3, q) through L∞ containing a line
of S through r∞. But since there are q such points on L∞, and at most q planes of type
II through L∞, it follows that for every point r∞ ∈ L∞ of PIV there is exactly one plane
through L∞ containing a line of S through r∞. Now consider the planes 1, respectively,
2 through the lines L∞ and L1, respectively, L2. These are two different planes through
L∞ containing at least one line of S through the point p∞, a contradiction. We conclude
that through every point p∞ of ∞ off the line p1∞p2∞ there is exactly one line of S . As a
consequence kmin = 1.
On the other hand, Theorem 3.7 implies that lmin = q − 1, and by Lemma 3.2 this
yields kmin = q − 1. But this contradicts kmin = 1 since we assume that q = 2. Hence
t = q − 1. 
Theorem 3.9. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. If t is even and t < q then through every line L∞ of
BIV there are either 1 or t + 2 planes of type IV.
Proof. Assume that t is even and that t < q. For i = 1, 2, let Li∞ ∈ BIV, and let i be a
plane of type IV through Li∞. From Lemma 3.3 it follows that the number of lines of S
which intersect Li∞ is equal to
|B |
q+1 + q l(L
i∞)
t
. Letmi denote the number of isolated points
of S in i . Since every line of S either intersects i in an afﬁne point, or intersects the line
Li∞ we have that
|B | = 1
2
q(q + 1)(t − 1)+mi(t + 1)+ |B |
q + 1 +
q l(Li∞)
t
.
It follows that (m1 −m2)t (t + 1) = q(l(L2∞)− l(L1∞)), so
(t + 1) odd(t) | l(L2∞)− l(L1∞). (15)
This conclusion holds for every two lines L1∞, L2∞ ∈ BIV.
Suppose that kmin = 1. By Lemma 3.2 also lmin = 1. Let L∞ be a line of ∞ such that
l(L∞) = 1. Let L′∞ ∈ BIV. Then by (15) we have that (t + 1) odd(t) | l(L′∞) − 1. Since
Lemma 3.5 implies that l(L′∞) < 2t , it follows that l(L′∞) = 1 or t + 2. This holds for
every line L′∞ ∈ BIV.
Suppose that kmin > 1, and let p∞ be a minimal point. Let L1 and L2 be two lines of
S through p∞ and let  be the plane through L1 and L2. Then  is of type II, and by
Lemma 2.2 the line  ∩ ∞ is not in BIV. Hence, by Lemma 3.6 the number  of lines
of S in  satisﬁes  ≡ 1mod (t + 1). As 2, it follows that  t + 2. Suppose that
 > t+2. Then2t+3. Let ′ be a plane of type IV throughL1; then by Lemma 2.2 no
plane parallel to ′ which contains one of the lines of S in  is of type II. Hence, there are
at least planes of type IV through the line L′∞ = ′ ∩ ∞. So l(L′∞)2t + 3 > 2t ,
but this contradicts Lemma 3.5. We conclude that = t + 2. Let L1, L2, . . . , Lt+2 be the
t + 2 lines of S in . Now, suppose that there is a line L of S through p∞ which is not
contained in . Then every plane i through L andLi, i ∈ {1, 2, . . . , t+2}, is of type II.As
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a consequence of Lemma 2.2, no plane parallel to i is of type IV, so Li∞ = i ∩ ∞ is not
in BIV. Hence by Lemma 3.6, and since there are at least two lines of S in i , the number
of lines of S in i is at least t+2. Since this holds for every plane i , i ∈ {1, 2, . . . , t+2},
it follows that k(p∞)1+ (t + 1)(t + 2). But p∞ ∈ Pmin, so by Lemma 3.2 we have that
lmin = k(p∞)1+(t+1)(t+2). On the other hand, Lemma3.5 says that through any line of
∞ there are fewer than 2t planes of type IV. Hence 1+(t+1)(t+2) < 2t , a contradiction.
We conclude that every line of S through p∞ lies in the plane , so k(p∞) = t + 2. Since
p∞ ∈ Pmin, and by Lemma 3.2 we have that kmin = lmin, it follows that lmin = t + 2.
Let L∞ ∈ BIV, and let L′∞ be a line of ∞ such that l(L′∞) = lmin = t + 2. Then by
(15) we have that (t + 1) odd(t) divides l(L∞)− (t + 2). Since l(L∞) lmin = t + 2 and
since by Lemma 3.5 we have that l(L∞) < 2t , it follows that l(L∞) = t + 2. This holds
for every line L∞ ∈ BIV.
We conclude that for every line L∞ ∈ BIV we have that l(L∞) equals 1 or t + 2. 
Theorem 3.10. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q) and having no planar nets. If t is even then t | q and t + 1 | q + 1.
Proof. Assume that t is even. If t = q then the theorem holds trivially, so assume that t < q.
Let L∞ be a line of ∞, not in BIV. By Lemma 3.3 there are exactly |B |q+1 lines of S which
intersect ∞ in a point of L∞. So this number is an integer. Let L′∞ ∈ BIV. Then again
by Lemma 3.3 the number of lines of S intersecting L′∞ is equal to |B |q+1 + q l(L
′∞)
t
. This
number is also an integer, hence t divides q l(L′∞). By Theorem 3.9 we have that l(L′∞) = 1
or t + 2. It follows that t | q.
LetL∞ be a line of ∞, not inBIV. Then by Lemma 3.6 in a plane  ofAG(3, q) through
L∞ there are  ≡ 1mod t + 1 lines of S . Hence, the total number of lines of S which
intersect L∞ is congruent to q mod t + 1. But Lemma 3.3 implies that this number is equal
to |B |
q+1 , hence |B | ≡ q(q + 1)mod t + 1. On the other hand, by Eq. (1) from Lemma
2.6 we know that (t + 1) |P | = q |B | , so t + 1 divides |B | . Now it follows that
t + 1 | q(q + 1), and since t + 1 is odd, t + 1 | q + 1. 
Theorem 3.11. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t), with q =
2h > 2 and t < q, embedded in AG(3, q) such that there are no planar nets. Then one of
the following holds.
(1) t = 2m − 1 where m ∈ {2, 3, . . . , h− 1}, and through every line of ∞ there are 0 or
t planes of type IV.
(2) t = 2m where m ∈ {2, 3, . . . , h − 1} is so that h = lm with l odd, and through every
line of ∞ there are 0, 1 or t + 2 planes of type IV.
Proof. Suppose that t is odd. Then from Lemmas 3.4, 3.8 and Theorem 3.7 it follows that
t + 1 | 2h and that 3 t2h − 2, hence t = 2m − 1 with m ∈ {2, 3, . . . , h − 1}. Further,
Theorem 3.7 implies that through every line of ∞ there are 0 or t planes of type IV.
Suppose that t is even. Then from Lemmas 3.4, 3.8 and Theorem 3.10 it follows that
t ∈ {3, 4, . . . , 2h − 2} and that t | 2h, so t = 2m with m ∈ {2, 3, . . . , h − 1}. From
Theorem 3.10 it also follows that 2m + 1 | 2h + 1. Let l ∈ N and R ∈ {0, 1, . . . , m− 1} be
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such that h = ml +R. Then since 2m + 1 divides 2h + 1 = (2m + 1− 1)l2R + 1, we have
that 2m + 1 | (−1)l2R + 1. As 0R < m this is impossible if l is even. Hence l is odd and
R = 0. Finally, Theorem 3.9 proves that through every line of ∞ there are 0, 1 or t + 2
planes of type IV. 
4. Classiﬁcation in case t = q
4.1. (0, 2)-geometries of type A
We call S = (P ,B , I ) a (0, 2)-geometry of type A if it is a (0, 2)-geometry of order
(q − 1, q) embedded in AG(3, q), q = 2h, h > 1, such that there are no planar nets.
Lemma 4.1. Let S = (P ,B , I ) be a (0, 2)-geometry of typeA. Then S has the following
properties.
(1) There is precisely one hole, which we denote by n∞.
(2) PIV = Pmin. In other words, through every point of ∞ different from the hole n∞,
there is a constant number kmin of lines of S .We put k = kmin.
(3) Any plane through the hole n∞ is of type II and contains k lines of S and no isolated
points. These are the only planes of type II.
(4) k ∈ { 12q, q}.
(5) |P | = kq2.
Proof. Applying t = q to inequalities (6) and (7) of Lemma 2.6 we get that |PIV | q(q+
1), so |P 0 | 1. On the other hand Lemma 2.3 asserts thatP 0 = ∅, and so there is exactly
one hole n∞. Hence |BIV | = q2 = qt − q + t . In other words, we have equality in (6) of
Lemma 2.6. Hence PIV = Pmin.
Let L∞ be a line of ∞ through n∞, the unique hole of S . Then L∞ contains q points
of PIV. Let p∞ be a point of PIV on L∞, and let L be a line of S through p∞. Then the
plane through L and L∞ is of type II since n∞ ∈ L∞, and since it contains a line of S
through p∞. So for every point p∞ of PIV on L∞ there is at least one plane through L∞
which contains a line of S through p∞. But since there are q such points and at most q
planes of type II through L∞, it follows that for every point p∞ of PIV on L∞ there is
exactly one plane through L∞ containing a line of S through p∞, and that every plane of
AG(3, q) through L∞ is a plane of type II. Since through every point of PIV on L∞ there
are precisely k lines of S , it follows that every plane of AG(3, q) through L∞ contains
exactly k parallel lines of S . This holds for every line L∞ of ∞ through n∞.
Suppose that a plane  of AG(3, q) through the hole n∞ contains an isolated point p.
Since any plane through the line pn∞ is of type II, there are at most q lines of S through
p, a contradiction. So none of the planes through n∞ contains an isolated point.
Now suppose that  is a plane of type II not through n∞. Let p∞ be the point at inﬁnity
of the lines of S in . Let ′ be the unique plane through n∞ which contains the k lines of
S through p∞. Then  contains only one line of S , namely  ∩ ′. But then there are at
least 2 planes of type II through  ∩ ′ which contradicts the fact that through any line of
S there is exactly q + 1− t = 1 plane of type II. This proves property (3).
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Let  be a plane of type IV and letm be the number of isolated points on . Then there are
1
2q(q+1)(q−1)+m(q+1) lines of S intersecting  in an afﬁne point. SincePIV = Pmin
there are k(q+1) lines ofS parallel to. So |B | = 12q(q+1)(q−1)+m(q+1)+k(q+1).
On the other hand, sincePIV = Pmin we have equality in (4)–(6) of Lemma 2.6, so |B | =
kq(q + 1). It follows that m = (q − 1)(k − 12q) and so k 12q.
Let L be an arbitrary line of AG(3, q) not in B . Then we show that there is a plane
 of type II which contains L. If L contains the hole n∞, then every plane through L is
of type II. If L does not contain the hole n∞, then the plane Ln∞ is of type II. Since 
contains k parallel lines of S but no isolated points, L contains 0 or k points of S . Now
suppose that k = q. Then we show that there is a plane  of type I. Any plane of type II
contains k < q lines of S but no isolated points, so there is a line M of AG(3, q) having
an empty intersection with P . So every plane  through M but not through the hole n∞
is of type I. Now  ∩ P = ∅ and every line of  meets  ∩ P in 0 or k points. This
implies that k | q, and since we proved that k 12q we must have that k = 12q. This proves
property (4).
From (1) of Lemma 2.6 and from |B | = kq(q + 1) it follows that |P | = kq2, which
proves property (5). 
Consider the geometry HT = (P ,B , I ) constructed as in Section 1 by projecting a
nonsingular parabolic quadricQ of PG(4, q), q even, from a point p /∈ Q and different from
its nucleus on a hyperplane H / p. Since all tangent lines to Q through p are contained
in a hyperplane, P is contained in an afﬁne space AG(3, q) inside H. Consider a plane 
of AG(3, q). Then  is of type I, II or IV according as the 3-space 〈p,〉 intersects Q in a
nonsingular elliptic quadric, in a quadratic cone or in a nonsingular hyperbolic quadric. So
HT is a (0, 2)-geometry of type A. Furthermore, k = 12q since a plane of type II contains
1
2q lines of HT.
Theorem 4.2. Let S = (P ,B , I ) be a (0, 2)-geometry of typeA. Then k = 12q if and only
if S is a geometry HT.
Proof. If S = HT then we already showed that k = 12q. Suppose that k = 12q. Then by
Lemma 4.1 any plane of type II contains 12q lines of S and no isolated points. Since any
line of AG(3, q) lies in at least one plane of type II, it intersects the point set P in 0, 12q
or q points. As a consequence any line of PG(3, q) intersects the set P ∪ ∞ in 1, 12q + 1
or q + 1 points. Now by Hirschfeld and Thas [13] and Glynn [12] the set P ∪ ∞ is the
projection of a nonsingular parabolic quadricQ(4, q) from a point p offQ(4, q) other than
the nucleus into PG(3, q). It now follows that S is a geometry HT. 
4.2. Type A pairs
For any point p∞ of ∞, we denote by p∞ the projective plane with as points the planes
of PG(3, q) through p∞ and as lines the lines of PG(3, q) through p∞.
Deﬁnition 4.3. A planar oval set in PG(2, q), q even, is a set  of q2 ovals in PG(2, q)
with common nucleus n, such that the incidence structure () having as points the points
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of PG(2, q), as lines the elements of and the lines of PG(2, q) through n and as incidence
the natural one, is a projective plane of order q.
In AG(3, q), an ordered pair (∞,) is a type A pair if ∞ is a planar oval set in ∞
and  is an isomorphism from n∞ to (∞), where n∞ is the common nucleus of the
elements of ∞, such that any line L∞ of ∞ through n∞ is mapped to itself.
Note that from a planar oval set we can construct a symmetric design. Let  be a planar
oval set in PG(2, q) having nucleus n. LetL denote the set of lines of PG(2, q) not through
n, and let I ⊂ ×L be such that (O,L) ∈ I if and only if L is a line external to O. Then
it is easy to verify that D = (,L , I ) is a symmetric 2 − (q2, 12q(q − 1), 12q( 12q − 1))
design.
Lemma 4.4. Let ∞ be a planar oval set of ∞ having nucleus n∞. Let G be the group
of collineations of PG(3, q) which are extensions of collineations of ∞ ﬁxing∞ setwise.
Let X be the set of isomorphisms  from n∞ to (∞) such that (∞,) is a typeA pair.
Then if X = ∅, |X | = q2(q − 1) and G acts transitively on X.
Proof. Assume that X is not empty, and let ∈ X.An isomorphism′ from n∞ to (∞)
is an element of X if and only if it maps every line of ∞ through n∞ to itself. This is so if
and only if ′−1 is a perspectivity of the projective plane n∞ having center ∞. So |X |
is equal to the number of perspectivities of n∞ having center ∞, which is q2(q − 1).
Let G′ be the group of collineations of ∞ ﬁxing ∞ setwise. Since every collineation
of ∞ can be extended to exactly q3(q − 1) different collineations of PG(3, q), the group
G has order q3(q − 1) |G′ | .
Let  be an element of X. Suppose that a collineation g′ ∈ G′ of ∞ can be extended to
a collineation g ∈ G of PG(3, q) which ﬁxes . Then we will prove that the set V ⊂ G of
collineations of PG(3, q) which extend g′ and which ﬁx  has size q. A collineation h ∈ G
of PG(3, q) is an element ofV if and only if k = gh−1 is a perspectivity of PG(3, q) having
axis ∞ which ﬁxes . A perspectivity k of PG(3, q) with axis ∞ ﬁxes  if and only if
for every line L of AG(3, q) through n∞ we have that Lk = Lk . But since k ﬁxes ∞
pointwise, (L)k = L. So k ﬁxes  if and only if for every line L of AG(3, q) through
n∞ we have that Lk = L if and only if k ﬁxes every line of AG(3, q) through n∞. In
other words, k must be an elation having axis ∞ and center n∞. Since there are exactly
q such elations, |V | = q. This means that there are at most q |G′ | elements of G which
ﬁx . Using the orbit-stabilizer theorem we get that the orbit of  under G has size at least
q2(q − 1). But since |X | = q2(q − 1) this implies that G acts transitively on X. 
Construction 4.5. Let S = (P ,B , I ) be a (0, 2)-geometry of typeA. Then from this we
construct a type A pair (∞(S ),(S )). For any point p of S we denote by Op∞ the set
of points at inﬁnity of the q + 1 lines of S through p. Since no plane through p contains
three or more lines of S through p, no line of ∞ contains three or more points of Op∞.
From property (3) in Lemma 4.1 it follows that any plane through the line pn∞, where n∞
is the hole of S , contains precisely one line of S through p. So any line of ∞ through n∞
contains one point of Op∞. It follows that for every point p of S the set Op∞ is an oval of
∞ having nucleus n∞.
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Let p1 and p2 be points of S such that the line p1p2 intersects ∞ in the hole n∞. Then
since by Lemma 4.1 any plane through p1p2 is of type II, the ovalsOp1∞ andOp2∞ coincide.
For any line L of AG(3, q) through n∞, we can now deﬁneOL∞ to be the ovalO
p∞ where p
is any point of S on L. Now let p1 and p2 be points of S such that the line p1p2 does not
contain n∞. Then, by Lemma 4.1 the plane p1p2n∞ is the only plane of type II through
p1p2, so the only point the ovals Op1∞ and Op2∞ have in common is the point at inﬁnity of
the lines of S in the plane p1p2n∞. Now let ∞(S ) denote the set of ovals OL∞ for all
lines L of AG(3, q) through n∞. Then it follows that this is a set of q2 distinct ovals with
common nucleus n∞, pairwise intersecting in one point. So ∞(S ) is a planar oval set.
We deﬁne (S ) : n∞ → (∞(S )) as follows. For any plane  of AG(3, q) through
n∞ let (S ) be the point at inﬁnity of the lines of S in , and let (S )∞ = n∞. For any
line L of AG(3, q) through n∞ let L(S ) = OL∞, and for any line L∞ of ∞ through n∞
let L(S )∞ = L∞. Then clearly (∞(S ),(S )) is a typeA pair.
Lemma 4.6. Let S = (P ,B , I ) be the geometry HT, arising from the projection of the
quadricQ(4, q) from the point r. Then every element of ∞(S ) is a conic.
Proof. LetO∞ be an element of∞(S ). This means thatO∞ is the set of points at inﬁnity
of the q+ 1 lines of S through a point p of S . Denote the cone with vertex p and baseO∞
by C . Let p1 and p2 be the two points in the intersection of the line rp withQ(4, q). Then
the cone C is the projection from r of two cones C 1, with vertex p1, and C 2, with vertex
p2, lying on Q(4, q). But since a cone lying on a nonsingular quadric Q(4, q) must be a
quadratic cone, C 1 and C 2 are quadratic cones and therefore also C is a quadratic cone.
So O∞ is a conic. 
Now let S = (P ,B , I ) be a (0, 2)-geometry of typeA having k = 12q. By Lemma 4.2
S is a geometry HT. Let P be the complement of P in AG(3, q), B be the set of lines
of AG(3, q) containing only points of P , and let I be the natural incidence. Then, we say
that the incidence structure S = (P ,B , I ) is the complement of S .
Lemma 4.7. Let S = (P ,B , I ) be a (0, 2)-geometry of typeA having k = 12q. Then the
complement S = (P ,B , I ) of S is also a (0, 2)-geometry of type A having k = 12q.
Furthermore, (∞(S ),(S )) = (∞(S ),(S )).
Proof. Since any line of AG(3, q) intersects P in 0, 12q or q points, it will intersect P in
0, 12q or q points as well. By Hirschfeld and Thas [13] and Glynn [12], the set P ∪ ∞ is
the projection of a nonsingular parabolic quadric Q(4, q) from a point r off Q(4, q) other
than the nucleus into PG(3, q). So S is a geometry HT, which is a (0, 2)-geometry of type
A having k = 12q.
Now take any plane  of type II with respect to S . Then  contains 12q parallel lines of
S but no isolated points of S , so it contains 12q lines of S which are parallel to the lines
of S in . This implies that (S ) = (S ).
Let L be a line of AG(3, q) through n∞. Since for every plane  through L we have that
(S ) = (S ), we also have that L(S ) = L(S ). This shows that (∞(S ),(S )) =
(∞(S ),(S )). 
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Construction 4.8. Let (∞,) be a typeA pair. Then from this we construct an incidence
structure S (∞,) = (P (∞,),B (∞,), I (∞,)) which will either be a (0, 2)-
geometry of type A having k = q or the union of two disjoint complementary (0, 2)-
geometries of typeA having k = 12q.
We deﬁneP (∞,) to be the point set ofAG(3, q). For any plane  ofAG(3, q) through
n∞, the common nucleus of the elements of ∞, let B  denote the set of afﬁne lines of 
which intersect ∞ in the point  (note that  ∈  sincemaps the line ∩∞ to itself).
Then we deﬁne B (∞,) to be the union of the sets B , for all planes  of AG(3, q)
through n∞. The incidence I (∞,) is the natural incidence.
First note that for any point p ∈ P (∞,), the set of lines of S (∞,) through p is
the set {L |p ∈ L and L ∩ ∞ ∈ (pn∞)}. Indeed, consider an arbitrary plane  through
the line pn∞. Then the line p is the only line of S (∞,) in  through p. Now the point
at inﬁnity  is the intersection of the oval (pn∞) with the plane . So the only lines of
S (∞,) through p are the lines L through p which intersect ∞ in a point of (pn∞).
From the above observation it follows that through every point p ∈ P (∞,) there
are q + 1 lines of S (∞,). Obviously, on every line of S (∞,) there are q points of
S (∞,).
Now let (p, L) be an arbitrary nonincident point-line pair of S (∞,). Suppose that
the plane  containing p and L contains the common nucleus n∞. Then clearly (p, L) = 0.
Suppose thatdoes not containn∞.Then since the set {M |p ∈ M and M∩∞ ∈ (pn∞)}
is the set of lines ofS (∞,) through p,(p, L) is equal to the number of points of (pn∞)
on the line at inﬁnity of . This number is equal to 0 or 2 since (pn∞) is an oval with
nucleus n∞. So for any nonincident point-line pair (p, L) we have that (p, L) = 0 or 2.
Now suppose that there is a plane  of type III. Then through any point p ∈  there are
three lines of S (∞,) in . But this implies that the line at inﬁnity of  intersects the
oval (pn∞) in three points, a contradiction. So there is no plane of type III.
From the above it follows thatS (∞,) is an incidence structure embedded inAG(3, q)
such that through every point there are q + 1 lines, on every line there are q points, the
(0, 2)-condition is satisﬁed and such that there are no planar nets. So if S (∞,) is con-
nected then it is a (0, 2)-geometry of typeA. In this case k = q since every plane of type II
contains q lines of S (∞,). If S (∞,) is not connected then every connected com-
ponent is a (0, 2)-geometry of typeA. In this case every connected component has k = 12q,
so there are two connected components which are complementary. By Lemma 4.2 both
connected components are geometries HT, and by Lemma 4.6 every element of ∞ is a
conic.
Lemma 4.9. If S = (P ,B , I ) is a (0, 2)-geometry of typeA, then the incidence structure
S ′ = (P ′,B ′, I ′) = S (∞(S ),(S )) coincides with S if S has k = q, and is the
union of S and S if S has k = 12q.
If (∞,) is a typeA pair, then the typeA pair (∞(S ),(S )), where S = (P ,B , I )
is any of the (one or two) connected components of S (∞,), coincides with (∞,).
Proof. Assume that S = (P ,B , I ) is a (0, 2)-geometry of typeA. Let S ′ = (P ′,B ′, I ′)
be the incidence structure S (∞(S ),(S )). Let p be an arbitrary point of S . Since the
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point set of S ′ is the point set ofAG(3, q), p is also a point of S ′. From Construction 4.8 it
follows that the set of lines ofS ′ through p is the set {L |p ∈ L and L∩∞ ∈ (pn∞)(S )}.
But by Construction 4.5 the oval (pn∞)(S ) is precisely the set of points at inﬁnity of the
q + 1 lines of S through p. It follows that the set of lines of S through p is equal to the set
of lines of S ′ through p, for every point p of S . So S is one of the (one or two) connected
components of S ′.
Assume that (∞,) is a type A pair. Let S = (P ,B , I ) be any of the (one or two)
connected components ofS (∞,). LetO∞ ∈ ∞(S ). Then by Construction 4.5O∞ =
OL∞ for some line L ofAG(3, q) through n∞. The ovalOL∞ is the set of points at inﬁnity of
the q + 1 lines of S through any point p of S on L. But the set of lines of S through p is
the same as the set of lines of S (∞,) through p, and from Construction 4.8 it follows
that this set is equal to the set {M |p ∈ M and M ∩ ∞ ∈ L}. Clearly the set of points at
inﬁnity of these lines is the oval L, so O∞ = L ∈ ∞. It follows that ∞(S ) ⊆ ∞
and since both sets have order q2, they are the same. Also, (S ) = . Indeed, let L be a
line of AG(3, q) through n∞ andO∞ ∈ ∞(S ) = ∞. Then L(S ) = O∞ if and only if
O∞ is the set of points at inﬁnity of the lines of S through any point p of S on L if and only
if O∞ = L. Now (S )−1 is a collineation of n∞ which ﬁxes every line of AG(3, q)
through n∞. It follows that (S )−1 is the identity, so (S ) = . 
Lemma 4.10. Let S = (P ,B , I ) and S ′ = (P ′,B ′, I ′) be (0, 2)-geometries of type
A. Then S is projectively equivalent to S ′ if and only if (∞(S ),(S )) is projectively
equivalent to (∞(S ′),(S ′)).
Proof. Suppose that S is projectively equivalent to S ′. Let	 be a collineation of PG(3, q)
mapping S to S ′. Let O∞ be an arbitrary element of ∞(S ). By Construction 4.5 this
means that there is a line L of AG(3, q) through n∞, the hole of S , such thatO∞ is the set
of points at inﬁnity of the q + 1 lines of S through an arbitrary point p of S on L. Then,
since 	 maps the q + 1 lines of S through p to the q + 1 lines of S ′ through p	, O	∞ is
an element of ∞(S ′). So ∞(S )	 = ∞(S ′).
Let n∞, respectively, n′∞ be the hole of S , respectively, S ′. Since n∞, respectively,
n′∞ is the common nucleus of the elements of∞(S ), respectively,∞(S ′), we have that
n
	
∞ = n′∞. LetL be a line ofAG(3, q) throughn∞. ByConstruction 4.5L(S ), respectively,
(L	)(S ′) is the set of points at inﬁnity of the q + 1 lines of S , respectively, S ′ through
any point of S , respectively, S ′ on L, respectively, L	. Let p be a point of S on L. Then
clearly p	 is a point of S ′ on L	, and 	 maps the q + 1 lines of S through p to the q + 1
lines of S ′ through p	. This means that L(S )	 = L	(S ′). Now, (S )	(	(S ′))−1
is a collineation of n∞ which ﬁxes every line of AG(3, q) through n∞. This means that
(S )	(	(S ′))−1 is the identity, so (S )	 = (S ′). We conclude that 	maps the type
A pair (∞(S ),(S )) to the typeA pair (∞(S ′),(S ′)).
Conversely, suppose that the type A pair (∞(S ),(S )) is projectively equivalent
to the type A pair (∞(S ′),(S ′)). Let 	 be a collineation of PG(3, q) which maps
(∞(S ),(S )) to (∞(S ′),(S ′)). First, wewill prove that	mapsS (∞(S ),(S ))
to S (∞(S ′),(S ′)). Note that the point sets of both incidence structures are equal to
the complete point set of AG(3, q). So the only thing we need to prove is that for any point
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p ∈ AG(3, q) the set B p of lines of S (∞(S ),(S )) through p is mapped by 	 to the
set B ′p	 of lines of S (∞(S ′),(S ′)) through p	. From Construction 4.8 it follows that
B p = {L |p ∈ L and L ∩ ∞ ∈ (pn∞)(S )}
and that
B ′p	 = {L |p	 ∈ L and L ∩ ∞ ∈ (p	n′∞)(S
′)}.
Then
(B p)	 = {L |p	 ∈ L and L ∩ ∞ ∈ (pn∞)(S )	}.
But the line p	n′∞ is the image of the line pn∞ under 	 and since 	 maps (S ) to
(S ′) we have that (p	n′∞)(S
′) = (pn∞)	(S ′) = (pn∞)(S )	. This implies that
(B p)	 = B ′p	 . So 	 maps S (∞(S ),(S )) to S (∞(S ′),(S ′)).
Now by Lemma 4.9 S , respectively, S ′ is one of the (one or two) connected components
of S (∞(S ),(S )), respectively, S (∞(S ′),(S ′)). If S has k = q then 	 maps
S = S (∞(S ),(S )) to S (∞(S ′),(S ′)) which must therefore be connected, so
S 	 = S (∞(S ′),(S ′)) = S ′.
On the other hand, ifS has k = 12q thenS (∞(S ),(S )) and consequentlyS (∞(S ′),
(S ′)) will be disconnected, so S ′ also has k = 12q. Then by Theorem 4.2, S and S ′ are
both geometries HT, hence they are projectively equivalent. 
Theorem 4.11. Let S = (P ,B , I ) and S ′ = (P ′,B ′, I ′) be (0, 2)-geometries of type
A. Then S is projectively equivalent to S ′ if and only if ∞(S ) is projectively equivalent
to ∞(S ′).
Proof. By Lemma 4.10, S is projectively equivalent to S ′ if and only if (∞(S ),(S ))
is projectively equivalent to (∞(S ′),(S ′)). We will prove that (∞(S ),(S )) is
projectively equivalent to (∞(S ′),(S ′)) if and only if∞(S ) is projectively equivalent
to ∞(S ′). Obviously, if (∞(S ),(S )) is projectively equivalent to (∞(S ′),(S ′))
then ∞(S ) is projectively equivalent to ∞(S ′).
Suppose that there is a collineation of ∞ mapping ∞(S ) to ∞(S ′). Extend this
collineation to a collineation	 of PG(3, q). Then (∞(S ),(S ))	 = (∞(S ′),(S )	)
is a typeA pair. Let X be the set of isomorphisms  from n′∞ to (∞(S ′)), where n′∞ is
the hole ofS ′, such that (∞(S ′),) is a typeA pair. Then(S ′),(S )	 ∈ X, soX = ∅.
Let G be the group of collineations of PG(3, q) which are extensions of collineations of
∞ ﬁxing ∞(S ′) setwise. From Lemma 4.4 it follows that G acts transitively on X. Let

 be an element of G which maps (S )	 to (S ′). Then 	
 is a collineation of PG(3, q)
which maps ∞(S ) to ∞(S ′) and (S ) to (S ′). So, the typeA pair (∞(S ),(S ))
is projectively equivalent to the typeA pair (∞(S ′),(S ′)). 
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4.3. The (0, 2)-geometry A (O∞)
In this section we deﬁne the geometry A (O∞) in terms of type A pairs. Let O∞ be an
oval of ∞ with nucleus n∞. Let t be an arbitrary point of AG(3, q), r an arbitrary point
of the line tn∞, different from t and n∞, and let C be the cone having vertex t and base
O∞. Then for every plane  of AG(3, q) through n∞ but not through t we denote by O∞
the projection from r onto ∞ of the intersection of  with the cone C . The set ∞(O∞)
of all these ovals O∞ together with the oval O∞ is a planar oval set.
We recall that by n∞ we denote the projective plane of planes and lines of PG(3, q)
through n∞. Now let  be any correlation of n∞ which maps the plane ∞ to the line tn∞
andwhichmaps any lineL∞ of ∞ through n∞ to the plane tL∞. Using wewill construct
an isomorphism (O∞) from n∞ to (∞(O∞)) such that (∞(O∞),(O∞)) is a type
A pair.
We deﬁne (O∞) as follows. A line L of AG(3, q) through n∞ is mapped by (O∞) to
the oval O∞, where =L. Note that the plane  does not contain t since L is a line not
contained in ∞. A line L∞ of ∞ through n∞ is mapped to itself by (O∞). A plane  of
AG(3, q) through n∞ is mapped by (O∞) to the projection from r onto ∞ of the point
of intersection of the line  with the cone C . The plane ∞ is mapped to the point n∞ by
(O∞).
Let L be a line of AG(3, q) through n∞ and let  be a plane of AG(3, q) through n∞;
then L ⊂  if and only if  ⊂ L if and only if (O∞) ∈ L(O∞). Now let  be a plane of
AG(3, q) through n∞, and let L∞ be a line of ∞ through n∞. We denote the line  ∩ ∞
by M∞. Then M∞ is mapped by  to the plane tM∞. As a consequence  is contained
in the plane tM∞. By deﬁnition (O∞) is the projection from r onto ∞ of the point of
intersection of  with C . But the point of intersection, as well as r, lies in the plane tM∞.
So (O∞) is a point ofM∞. Since  ∩ ∞ = M∞ = n∞(O∞), we have that L∞ ⊂  if
and only if (O∞) ∈ L∞ = L(O∞)∞ . For any line L ofAG(3, q) through n∞, L(O∞) does
not contain n∞ = (O∞)∞ . For any line L∞ of ∞ through n∞, L(O∞)∞ = L∞ contains
n∞ = (O∞)∞ . So for a line L of PG(3, q) through n∞ we have that L ⊂ ∞ if and only
if (O∞)∞ ∈ L(O∞). It follows that (O∞) is an isomorphism from n∞ to (∞(O∞))
which maps every line of ∞ through n∞ to itself. So (∞(O∞),(O∞)) is a typeA pair.
We denote the (0, 2)-geometry corresponding to the type A pair (∞(O∞),(O∞)) by
A (O∞). One can verify that by a proper coordinatization the line set ofA (O∞) assumes
the same form as in Section 1.
Let O1∞ and O2∞ be two ovals of ∞. Then it follows easily from the construction that
∞(O1∞) is projectively equivalent to∞(O2∞) if and only ifO1∞ is projectively equivalent
to O2∞. Hence by Theorem 4.11A (O1∞) is projectively equivalent toA (O2∞) if and only
if O1∞ is projectively equivalent to O2∞.
4.4. Classiﬁcation of (0, 2)-geometries of type A
We say that a planar oval set  in PG(2, q) is Desarguesian if the plane () is
Desarguesian, and that  is a regular Desarguesian planar oval set if furthermore there
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exists a collineation from PG(2, q) to () which ﬁxes every line through n, the common
nucleus of the elements of .
In [9], it is shown that for any oval O in PG(2, q) the set (O) of images of O under all
elations of PG(2, q) with center the nucleus n of O is a regular Desarguesian planar oval
set.
Theorem 4.12 (De Feyter [9]). Suppose that  is a regular Desarguesian planar oval set
in PG(2, q), and let O ∈ . Then  = (O).
Theorem 4.13. Let S = (P ,B , I ) be a (0, 2)-geometry of typeA. Then S is a geometry
A (O∞) for some oval O∞ in the plane ∞.
Proof. Consider the type A pair (∞(S ),(S )) associated with S . Let n∞ be the hole
of S , and let  be a collineation from the plane ∞ to the plane n∞ which ﬁxes every
line of ∞ through n∞. Then (S ) is a collineation from ∞ to (∞(S )) which
ﬁxes every line of ∞ through n∞. Hence ∞(S ) is a regular Desarguesian planar oval
set. Let O∞ ∈ ∞(S ). Then by Theorem 4.12 the set ∞(S ) consists of the images
of O∞ under all elations of the plane ∞ which have center n∞. But this means that
∞(S ) = ∞(O∞). Now Theorem 4.11 asserts that S is projectively equivalent to the
(0, 2)-geometry corresponding to the typeA pair (∞(O∞),(O∞)). So S is a geometry
A (O∞). 
Corollary 4.14. HT is a geometry A (C∞) where C∞ is a conic in the plane ∞.
Proof. Let S = (P ,B , I ) = HT. By Theorem 4.13, S is a geometryA (O∞)whereO∞
is an oval in ∞. Hence ∞(S ) = ∞(O∞). By Lemma 4.6 every element of ∞(S ) is
a conic, so O∞ = C∞ is a conic. 
5. Conclusion
Main Theorem. Let S = (P ,B , I ) be a (0, 2)-geometry of order (q − 1, t) embedded in
AG(3, q), q = 2h, h > 1, and having no planar nets. Then one of the following holds.
(1) t = q and S = A (O∞).
(2) t = 2m − 1 where m ∈ {2, 3, . . . , h− 1}, and through every line of ∞ there are 0 or
t planes of type IV.
(3) t = 2m where m ∈ {2, 3, . . . , h − 1} is so that h = lm with l odd, and through every
line of ∞ there are 0, 1 or t + 2 planes of type IV.
Proof. By Lemma 2.1 we have tq. If t < q then we are in case (2) or (3) by Theorem
3.11. If t = q then S is a (0, 2)-geometry of type A. By Theorem 4.13 we have that
S = A (O∞). 
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